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Ionic Conductivity of Mixed Glass Former
0.35Na2O + 0.65[xB2O3 + (1 − x)P2O5] Glasses
Randilynn Christensen,† Garrett Olson, and Steve W. Martin*
Department of Materials Science and Engineering Iowa State University, Ames, Iowa 50011
ABSTRACT: The mixed glass former eﬀect (MGFE) is deﬁned as a nonlinear
and nonadditive change in the ionic conductivity with changing glass former
fraction at constant modiﬁer composition between two binary glass forming
compositions. In this study, mixed glass former (MGF) sodium borophosphate
glasses, 0.35Na2O + 0.65[xB2O3 + (1 − x)P2O5], 0 ≤ x ≤ 1, have been
prepared, and their sodium ionic conductivity has been studied. The ionic
conductivity exhibits a strong, positive MGFE that is caused by a
corresponding strongly negative nonlinear, nonadditive change in the
conductivity activation energy with changing glass former content, x. We
describe a successful model of the MGFE in the conductivity activation energy
terms of the underlying short-range order (SRO) phosphate and borate glass
former structures present in these glasses. To do this, we have developed a
modiﬁed Anderson-Stuart (A−S) model to explain the decrease in the
activation energy in terms of the atomic level composition dependence (x) of
the borate and phosphate SRO structural groups, the Na+ ion concentration, and the Na+ mobility. In our revision of the A−S
model, we carefully improve the treatment of the cation jump distance and incorporate an eﬀective Madelung constant to
account for many body coulomb potential eﬀects. Using our model, we are able to accurately reproduce the composition
dependence of the activation energy with a single adjustable parameter, the eﬀective Madelung constant, that changes
systematically with composition, x, and varies by no more than 10% from values typical of oxide ceramics. Our model suggests
that the decreasing columbic binding energies that govern the concentration of the mobile cations are suﬃciently strong in these
glasses to overcome the increasing volumetric strain energies (mobility) caused by strongly increasing glass-transition
temperatures combined with strongly decreasing molar volumes of these glasses. The dependence of the columbic binding
energy term on the relative high-frequency dielectric permittivity suggests that the increased polarizability of the bridging oxygens
connecting SRO tetrahedral boron units to phosphorus units causes further charge delocalization away from the negatively
charged tetrahedral boron units, leading to a lowering of the charge density, and is the underlying cause of the MGFE.
1. INTRODUCTION
1.1. Background. Energy storage is a growing concern in
an ever increasingly portable-energy (battery)-driven society.
Batteries power everything from cell phones to computers to
medical devices to automobiles. The development of safer,
smaller, and more energy-dense batteries is in demand. Ion-
conducting glasses are an important type of solid electrolyte
that may be used to answer this need.1−7 A currently
unexplained source of change in the ionic conductivity in
glasses known as the mixed glass former eﬀect (MGFE) has
been seen in many mixed glass former (MGF) glasses8−15
such as Li2S + GeS2 + GeO2 glasses
16 and Li2S + SiS2 + GeS2
glasses.10 This change in the ionic conductivity is nonlinear
and nonadditive and can be observed as either a decrease or
an increase in the ionic conductivity with changing glass
former fraction at constant modiﬁer composition between the
two binary glass forming systems. In some MGF glasses, like
those to be described here, simultaneous to this exponential
increase in the Na+ ion conductivity is the corresponding
improvement in the glass transition temperature (Tg), the
improvement in the glass -forming ability, and the chemical
durability of these glasses. Such simultaneous improvements
in these important physical properties of these glasses with
little to no negative changes in other properties make these
MGF glassy electrolytes attractive as solid electrolytes for
next-generation batteries. While this phenomena has not been
fully explained,9,10,14,17 increases in the ionic conductivity of
up to two orders of magnitude have been observed in other
MGF glasses reported in the literature.8,9 Understanding the
cause of the MGFE at the atomic structural level of glass is
crucial to the eﬀort of engineering glasses with higher ionic
conductivities and other improved physical properties and is a
key motivation for the present study.
To better understand the eﬀect of composition on the Na+
ion conductivity, the physical properties, and structures of
these glasses, we carefully chose all components of the glasses
in the present study. Oxygen was selected as the anion with
Na, P, and B as the cations. Boron and phosphorus were
chosen because of their nuclear magnetic resonance spectros-
copy (NMR) accessible isotopes, 11B and 31P. Oxygen was
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chosen as the anion because of the strong glass-forming ability
of B2O3 and P2O5. Sodium was chosen as the glass modiﬁer
and ionic charge carrier because its radioactive isotope is
useful for tracer diﬀusion measurements and 23Na is useful in
NMR studies.
The structures and physical properties, such as density, Tg,
and ionic conductivity, of B2O3
18−20 and P2O5
21 glasses, their
binary glassy counter parts, Na2O + B2O3
20,22 and Na2O +
P2O5,
23−26 and some ternary alkali borophosphate
glasses,15,27−30 have been well-studied in the literature. The
data reported in these literature works allow the experimental
data of our glasses to be checked for accuracy and can be
used as starting points for further analysis. It is recognized at
the outset that these all-oxide glasses, even though being well
“engineered” for this speciﬁc study of the MGFE, will
nonetheless have relatively low Na+ ion conductivities. It is
our expectation, however, that through a detailed and well-
designed study of these glasses the underlying mechanism of
the MGFE in these glasses can be determined and modeled.
Through such insight into the conduction mechanism in these
glasses, it will be possible to advance the development of
more highly conducting glasses, which may ﬁnd application in
advanced sodium batteries.
It is our hypothesis that structural changes in the short-
range order (SRO), ﬁrst-coordination sphere, and intermedi-
ate range order (IRO), second- and third-coordination
spheres, caused by the mixing of the two glass former
networks is the underlying cause of the MGFE. To conﬁrm
this hypothesis, we have explored the link between the
physical properties, structures, and compositions of MGF
glasses. The full results of the previous analyses on the
structural and physical properties of our glasses can be seen in
the works by Christensen et al.,31−33 Le Roux et al.,34 and
Schuch et al.35 A positive nonlinear, nonadditive, MGFE trend
was observed in the density and Tg with changing glass
former composition with a maxima at x = 0.4 in the glass
series 0.35Na2O + 0.65[xB2O3 + (1 − x)P2O5]. The positive
MGFE trend in the density of these glasses suggests that an
MGFE in the ionic conductivity trend will also be observed.
However, the free volume of the glasses was found to
undergo a strongly negative nonlinear, nonadditive trend, with
a minima at x = 0.4. This decrease in free volume suggests a
decrease in ionic mobility, and a corresponding decrease in
the ionic conductivity will be found. Similarly, the maximum
in the Tg of these glasses suggests a maximum in the
mechanical modulus of the glasses, and this eﬀect would also
predict a minimum in the ionic conductivity and a maximum
in the conductivity activation energy. Despite the trends in
the molar volume and the Tg, a positive MGFE is exhibited.
For these reasons, these glasses are further advantageous to
study because the observed positive MGFE suggests that
whatever the cause it must be a strong function of
composition. If understood, this cause could be a composi-
tional and structural tool to produce glasses with even higher
ionic conductivities.
Raman and NMR structural studies were used to create a
quantitative SRO model. The complete results of this
structural model can be found in our previous paper.31 The
distribution of sodium cations between boron and phosphorus
oxy-anions was found to be unequal and changed with
changing glass former composition. The sodium cations
preferentially modiﬁed the majority glass former, modifying
B in the x = 0.1 to 0.6 range and P in the x = 0.7 to 0.9
range. Thermodynamic modeling suggested that the large
thermodynamic stability of the B4 group drives the unequal
sharing of the Na+ ion. In addition, the changes in Tg were
found to be directly proportional to the number of bridging
oxygens (BOs) in the glasses and were driven by the
concentration of the cross-linking (BO) eﬀect of the B4 SRO
structural units in the glass. The results of the SRO model
created by Raman and NMR structural studies was found to
be in excellent agreement with the reverse Monte Carlo
(RMC) model of these glasses created from X-ray diﬀraction
(XRD) studies.35 The RMC model also suggests a non-
randomly connected network where B−O−P bonds are
favored. It was also found that there is no correlation
between the percolating accessible volume (volume available
for sodium ion movement under the hard-sphere constraints
of the model) and the activation energy of the ionic
conductivity, suggesting that changes in the free volume
available to the conducting ion may not be strongly inﬂuential
to the activation energy. The ionic conductivity models of
Anderson and Stuart36 have been combined with our
experimental ionic conductivity data to develop an atomic-
level understanding of the positive MGFE in the Na+ ion
conductivity in these Na B P O glasses. In our model, we are
able to show that the volumetric contributions are small and
do not strongly inﬂuence the ionic activation energy, whereas
the columbic contributions to the total activation energy are
much larger and are the dominant cause of the MGFE in
these glasses.
1.2. Glass Structure Notations. The SRO glass
structures will be referred to as JmK
n, where J is the glass
former connected to n number of BOs, with m number of the
BOs bonding to glass former K and n-m BOs going to glass
former J. For example, PmB
n indicates a phosphorus atom with
n number of BOs that bond to m number of boron atoms and
(n-m) number of phosphorus atoms. If no mK is denoted,
then it is unknown what glass former is being bridged to by
oxygen. The SRO structures present in the binary glasses and
their approximate compositional ranges over which they are
observed are shown in Figures 1 and 2.
2. EXPERIMENTAL METHODS
2.1. Sample Preparation. The starting materials were
sodium carbonate (Na2CO3, 99.5% Fisher Scientiﬁc),
ammonium hydrogen phosphate dibasic ((NH4)2HPO4,
98.8% Fisher Scientiﬁc), and boric acid (H3BO3, 99.5%
Fisher Scientiﬁc). After weighing and mixing the appropriate
amounts, the starting materials were calcined in platinum
crucibles between 900 and 1100 °C for 0.5 to 1 h in an
Figure 1. Binary sodium phosphate glass SRO structures, yNa2O +
(1 − y)P2O5. P3 is present from 0 ≤ y < 0.5. P2 is present from 0 <
y < 0.65. P1 is present from 0.5 < y. P0 is present from 0.65 < y.
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electric furnace in a fume hood. After the melt was bubble-
free, the crucible was removed from the furnace and allowed
to cool to room temperature. Once cool, the sample was
weighed to determine the weight lost from NH3, H2O, and
CO2. The slightly hygroscopic samples were then transferred
to a high-quality nitrogen atmosphere glovebox (typically <5
ppm O2 and H2O) and remelted in an electric furnace at
1000−1100 °C for 10 min. To create bulk samples for
conductivity measurements, the melt was quenched in
preheated brass molds at temperatures 40 °C below the Tg
of the glass. Bulk samples were cast as round discs ∼20 mm
in diameter and 2 mm thick. The bulk samples were annealed
40 °C below the Tg for 0.5 h, then cooled to room
temperature at a rate of 2 °C/min. Because of their
hygroscopic character, all samples were stored in the N2
atmosphere glovebox. Selected compositions of the glasses
were checked for crystallization with XRD and found to be X-
ray amorphous. Samples were checked for weight loss and
found to be within ±1.5 wt % of their target weight. Sodium,
oxygen, and phosphorus concentrations were checked by
energy-dispersive spectroscopy and found to be within ±4 at
% of the target compositions. Infrared spectroscopy was used
to ensure that all of the glasses did not contain residual NH3,
CO2, and H2O.
2.2. Ionic Conductivity. Bulk samples 20 mm in diameter
and ∼2 mm thick were polished using sandpapers and
polishing cloths to 4000 grit to optical transparency and then
sputtered with gold electrodes on both sides of the sample
∼50 nm thick and 20 mm in diameter. Samples were
measured from 0.01 Hz to 10 MHz in log 1.4 increments
from 0 to 300 °C in 20 °C increments using a Novocontrol
Concept 80 impedance spectrometer using 1 V rms. Complex
plane impedance analysis of the impedance data, Figure 3,
provides an example, and how the σdc(T) was determined was
used to extract the equivalent circuit dc resistance of the
glasses as a function of temperature and composition.
3. RESULTS
An example of the ac ionic conductivity measurements over
the temperature and frequency ranges that were performed on
all the samples can be seen in a complex impedance plot for
one glass, shown in Figure 3. The semicircle at high frequency
arises from the bulk response of the glass to the applied
electric ﬁeld. The polarization “tail” at low frequency arises
from the space-charge polarization eﬀects of Na+ ion
accumulation at the sputtered gold-blocking electrodes. The
equivalent circuit resistance (R) is equal to the real impedance
(Z′) when the imaginary impedance (Z″) is equal to zero.
The bulk resistance, R = Z′, was obtained from the
intersection of the bulk response semicircle with the Z″ = 0
axis at low frequencies. The resistance was then used to
calculate the dc conductivity, σdc, by using the cell constant of
the prepared glasses samples, σdc = (t/(R*A)), where t =
thickness, R = resistance, and A = area of the circular
electrode.
The temperature dependencies of the ionic conductivities of
the “even composition” glasses are shown in Figure 4 in the
form of an Arrhenius plot. For all samples, the conductivity
increases in an Arrhenius manner, ln σdc T versus 1/T, from
room temperature (T) to just below Tg. In one case, however,
we explored the temperature dependence to much lower
temperatures to more fully examine the non-Arrhenius
behavior of the ionic conductivity; see later.
The activation energy of ionic conduction, ΔEa, was
calculated using eq 1.
σ σ= − Δ
⎛
⎝⎜
⎞
⎠⎟T T
E
RT
( ) expdc
0 a
(1)
where σdc is the direct current ionic conductivity, T is the
temperature in Kelvin, ΔEa is the activation energy of the Na+
ion conduction, R is the gas constant, and σ0 is the pre-
exponential factor. The activation energy and the room-
temperature conductivities for this glass series are given in
Figure 5. The ionic conductivity of sodium phosphate glass at
30 °C at x = 0 is 7.63 × 10−12 (ohm*cm)−1. With the
addition of boron, the Na+ ion conductivity increases to a
maximum of 2.34 × 10−9 (ohm*cm)−1 at x = 0.4. Further
Figure 2. Binary sodium borate glass SRO structures, yNa2O + (1 −
y)B2O3. B
3 is present from 0 ≤ y < 0.25. B4 is present from 0 < y. B2
is present from 0.3 < y < 0.7. B1 is present from 0.45 < y. B0 is
present from 0.55 < y.
Figure 3. Example of real versus imaginary impedance plots of the
0.35Na2O + 0.65[xB2O3 + (1 − x)P2O5] glasses at x = 0.4
composition at 403, 423, and 443 K.
Figure 4. Example of the Arrhenius plots of the 0.35Na2O + 0.65
[xB2O3 + (1 − x)P2O5] glasses.
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additions of boron cause the conductivity to decrease to 5.86
× 10−10 (ohm*cm)−1 at x = 0.6. The conductivity remains
nearly constant through x = 0.8, then ﬁnally decreases to 2.93
× 10−10 (ohm*cm)−1 in the pure sodium borate glass. As
expected from eq 1, the activation energy has an opposing
trend to the ionic conductivity. The maximum activation
energy is 84.36 kJ/mol for the x = 0 glass. A decrease to
61.86 kJ/mol for the x = 0.4 glass is followed by an increase
to 64.24 kJ/mol for the x = 0.6 glass. The activation energy
remains nearly constant until it increases to 65.91 kJ/mol for
the x = 1 glass. We next turn our attention to the atomic level
understanding of the composition dependence of the
activation energy and, in turn, the Na+ ion conductivity.
3.1. Theory of Ionic Conductivity in the Glassy State.
3.1.1. Arrhenius Conductivity. In its most general form, the
ionic conductivity of ion-conducting glasses is given by the
relation σ = nZeμ, where σ is the ionic conductivity, Z is the
charge of the mobile ion (+1 in the case of Na here), e is the
electric charge, n is the number of mobile ions (Na+) per unit
volume, and μ is the mobility of the ions. Both n and μ are
composition- and temperature- dependent through a corre-
sponding Arrhenius relationship given in eqs 2 and 3.
= − Δ
⎛
⎝⎜
⎞
⎠⎟n T n
E
RT
( ) exp n0
(2)
μ
μ
= − Δ
⎛
⎝⎜
⎞
⎠⎟T T
E
RT
( ) exp m0
(3)
where n0 and μ0 are the total number density of cations in the
glass and mobility pre-exponential factors, respectively. ΔEn
and ΔEm are the activation energies for creating a mobile
cation and for the mobility of the cation, respectively.
Combining eqs 1−3 shows that:
Δ = Δ + ΔE E En ma (4)
The two activation energies combine to form the total
activation energy for ion conduction, eq 4. It is assumed that
both ΔEn and ΔEm are not single valued but rather represent
averages of the natural distributions of these energy barriers
created through the structural disorder in glass. Such
distributions would be expected to create a non-Arrhenius
temperature dependence in the ionic conductivity, where the
lower energy tail of the distribution would be more dominant
at “lower” temperatures, the median values of the distribution
would be more dominant at the “intermediate” temperatures,
and the higher energy tail of the distribution would be
dominant at the “higher” temperatures. The quotes are
purposefully used here to denote the fact that as the average
value of the energy distribution changes with changing glass
composition to higher and lower values, these temperature
ranges would, of course, in turn change to higher and lower
values, respectively. However, this temperature dependence of
the slope (activation energy) of the ionic conductivity is not
observed in the data of Figure 4 over the range of
temperatures used in this study, 0 to 300 °C. This ﬁnding
is consistent with the behavior observed for nearly all oxide
glasses studied in the literature to date, although some
examples of non-Arrhenius behavior do exist.37−39 However,
in the more recent literature of more highly conducting
(lower average activation energy) glasses, several instances of
non-Arrhenius temperature dependence of the alkali ion
conductivity in sulﬁde glasses can be found.40−43 In most
papers, the non-Arrhenius temperature dependence of the
conductivity is often ignored, and it is often treated as a
simple Arrhenius function, resulting in a single value for the
activation energy, ΔEa.
3.1.2. Non-Arrhenius Conductivity. Bischoﬀ et al.,44 from
our laboratory, have suggested a resolution to this long-
standing question of why simple Arrhenius-behaving con-
ductivities are observed for the less conductive, higher average
activation energy oxide glasses, whereas non-Arrhenius
conductivities are more frequently observed in higher
conducting, lower average activation energy sulﬁde glasses.
These authors observed that for the most commonly
measured temperature ranges, from room temperature to
∼300 °C, the temperature dependence of the activation
energy arising from a Gaussian distribution of activation
energies (DAE) could be accurately approximated by the
expression:
δ⟨Δ ⟩ = Δ −E E
RT0
2
(5)
where ⟨ΔE⟩, the temperature dependent expectation energy
for conduction, is used to replace the single-valued activation
energy ΔEa of Arrhenius-type conductivity. ΔE0 is the mean
value of the temperature-independent DAE, and δ is the
standard deviation of the DAE. Hence, eq 5 shows that for
large values of ΔE0 and small values of δ, as appears to be the
case for the vast majority of alkali ion conducting oxide
glasses, a weak or barely observable non-Arrhenius temper-
ature dependence of the ionic conductivity is expected in the
range of temperatures from room to 300 °C.
However, Bischoﬀ et. al’s. eq 5 also shows that a non-
Arrhenius dependence of the ionic conductivity would be
more evident even with a large value of ΔE0, as is the case for
the glasses of the present study, if the ionic conductivity were
measured at lower temperatures. For this reason, an additional
study of the ionic conductivities in the 300 to −100 °C range
was undertaken. The wider temperature range dependence of
the conductivity of the 0.35 Na2O + 0.65 [0.4B2O3 +
0.6P2O5] glass can be seen in Figure 6. The ionic conductivity
was found to be more strongly non-Arrhenius over the
expanded temperature range, where the slope decreases with
decreasing temperatures, in the manner expected from the
previous description. The nonlinearity of the conductivity is
especially noticeable in the temperature range of 25 to −100
°C. From the best-ﬁt of eq 5 to the conductivity data in
Figure 6, the mean activation energy, ΔE0, was found to equal
107 kJ/mol, and the standard deviation, δ, equals 7.793 kJ/
Figure 5. Ionic dc conductivity and activation energy of 0.35Na2O +
0.65[xB2O3 + (1 − x)P2O5] glasses at 30 °C. Error bars are smaller
than symbols.
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mol, yielding a δ/ΔE0 ratio of 0.072, a value Bischoﬀ has
reported as common for an alkali oxide glass.44 From eq 5,
the temperature-dependent activation energy, ΔE, can have
values ranging from 94.3 to 65 kJ/mol over the temperature
range of −100 to 300 °C. These values are in good agreement
with the single activation energy, ΔEa = 65 J/mol, determined
by ﬁtting the conductivity data to the simple Arrhenius
equation.
Because the ionic conductivity was found to be non-
Arrhenius, as suggested by Bischoﬀ et al., we therefore take
the values of ΔEn and ΔEm to likewise be the averages of the
underlying distributions in each of these terms. However, an
unambiguous technique to experimentally measure these two
activation energies and their distributions independently of
one another has so far remained elusive. Therefore, we must
rely on theoretical models to calculate estimates of these two
(average) energy barriers in terms of experimentally
measurable quantities. It is to these models that we now
turn our attention.
3.2. Anderson−Stuart Model. 3.2.1. Theory. Although
several models exist for the calculation of the activation
energy, ΔEa, for ionic conduction in oxide glasses, the
Anderson Stuart (A−S) model is the most easily related to
the accepted deﬁnition of the ionic conductivity, as discussed
above, σ = nZeμ. On the basis of the ideas of ionic crystal
theory and elasticity theory, Anderson and Stuart36 proposed
that the activation energy consisted of two parts, the binding
energy and the strain energy, eq 6 below. Their binding
energy
= − −⎜ ⎟⎛⎝
⎞
⎠E m ME1
1
b c (6)
is assigned to the diﬀerence in the columbic energy, Ec(x) =
((Z1Z2e
2)/(ε∞x)), acting at over a distance x between two
point charges, Z1e and Z2e, through a dielectric media with
dielectric permittivity, ε∞, of the ion when it is at an
equilibrium site and when it is at the halfway point between
equilibrium sites for all ion pairs; see Figure 7. In eq 6, M is
the Madelung constant for the particular glass structure and
represents the summation of the eﬀects from other charges
(ions) in the network. The constant m describes the exponent
on the repulsive part of the potential for the close approach of
ions in the glass. A−S deﬁned the halfway point as half of the
jump distance, which was taken to equal half of the lattice
constant of the crystal, λ; see Figure 7A. By deﬁning the
halfway point with a value, λ, rather than a point, such as x,
confusion has arisen as the deﬁnition of jump distance has
changed. A more physical, noncrystalline, view of the structure
was proposed by Martin et al.;45 see Figure 8. This
representation has been duplicated in Figure 7B, for ease of
comparison. As can be seen in Figure 7, the jump distance as
deﬁned by A−S is not equivalent to the jump distance as
deﬁned by Martin.45 Therefore, by treating the cation and
anion as point charges, with an origin point at x0 = 0, then we
have deﬁned the halfway point as x2. We may then deﬁne the
change in columbic energy as the cation travels from point x1
to point x2 as ΔEc = Ec(x2) − Ec(x1). Using experimentally
determined ionic radii and cation-to-cation distances, the x
points may be deﬁned as x1 = ranion + rcation and x2 = ranion +
rcation + λcation = λanion/2. In the glass system under study here,
the Na+ ion is the cation and the nonbridging oxygen (NBO),
O−, is the anion, so x1 = rO + rNa and x2 = rO + rNa + λNa.
The network strain energy, ΔEs, was taken by A−S to
describe the elastic energy needed to dilate a spherical cavity
as the structure deforms to allow the ion to move between
sites. The radius of this space before dilation out to the radius
of the mobile cation, rcation, is termed the doorway radius, rD.
Typically, it is the case that rD < rcation and making the strain
energy nonzero and positive, thus, the larger the cation, the
larger the strain energy. The total change in activation energy,
eq 7, can be represented as seen in eq 8. A−S then simpliﬁed
the equation, taking (1 − (1/m))M ≈ 1 and using a
Figure 6. Non-Arrhenius temperature dependence of ionic dc
conductivity of the 0.35Na2O + 0.65[0.4B2O3 + 0.6P2O5] glass.
Figure 7. (A) Physical representation of A−S’s glass structure, based
on a crystal lattice. (B) Physical representation of how the jump
distances are calculated based on the physical representation of
Martin et al.45
Figure 8. Physical representation of the energetics of ion conduction
according to the A−S model by Martin et al.45
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displacement factor, β, to create the more recognizable
expression in eq 9, shown ﬁrst in CGS and then in SI units.
We will be using the SI unit form in this analysis.
Δ = Δ + ΔE E Ea b s (7)
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where G is the shear modulus, rD is the doorway radius, e is
the electron charge, rcation is the ionic radius of the cation,
ranion is the ionic radius of the anion, ε is dielectric
permittivity, and Zcation and Zanion are the formal charges of
the mobile cation and the charge compensating anion,
respectively. β = −1 + ((rcation + ranion)/(λanion/2)) is the
ﬁnite displacement factor or interionic separation, which
ranges from x1 (a situation indicating no jump of the ion has
taken place) out to the halfway point between adjacent cation
equilibrium positions, x2; see Figure 7.
McElfresh and Howitt46 argued that the strain energy
calculations of A−S, which calculated the energy needed to
enlarge a spherical cavity, did not apply to diﬀusion of an
atom in a solid, as it yielded physically unreasonable values.
They proposed that a more appropriate strain energy would
be for the enlargement of a cylindrical volume, modifying eqs
6−10, where λcation is the distance a cation must travel
between equilibrium positions. We will use the McElfresh and
Howitt model for the purposes of these calculations.
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3.2.2. Calculation of Parameters. From the description
previously given, the parameters needed to calculate the
activation energy are G, rNa, rD, ε∞, and λcation. Because of a
limited number of shear modulus values reported in the
literature for these ternary glasses, we have estimated the
shear modulus for our particular glasses by exploiting the
similar compositional trends of the shear modulus and the
glass-transition temperature, Tg, of glasses. The shear
modulus, G, has been shown to track the composition
dependence of the Tg of the glass quite closely for a wide
variety of oxide glasses, such as alkali silicate, borate, and
phosphate glasses. The value for G of the binary end member
glass, 0.35Na2O + 0.65B2O3, was taken from the SciGlass
database,47,48 and an average value of G = 22.7 ± 2.3 GPa was
found. Tg, studied in a previous work,
33 of the glasses were
converted to fractions, f T(x) = (Tg(x))/(Tg (x = 1)) and
multiplied by the shear modulus of 0.35Na2O + 0.65B2O3
glass. The values so obtained for these glasses are shown in
Figure 9. As expected from this calculation method, G and Tg
track each other directly, with G increasing as Tg increases as
P is substituted for B. While G values appear to be unknown
for the binary 0.35Na2O + 0.65P2O5 glass, values for the more
common 0.50Na2O + 0.50P2O5 glass are known, and an
average value of ∼14 GPa ± 3 GPa is reported.47,48 The value
from the present calculation of the 0.35Na2O + 65P2O5 glass
with a slightly lower Tg value of ∼13 GPa is well within the
expected range for this glass.
We can calculate an estimate for the doorway radius, rD, of
the glasses using the XRD results by Le Roux et al.34 on these
glasses and the literature results on similar glasses. The
diﬀraction data was then used by Schuch et al.35 to create a
reverse Monte Carlo model that reported Na as having a ﬁve-
fold oxygen coordination and an average distance between
Na-BO and Na-NBO of 2.3 Å. Schuch suggests that oxygen is
in a trigonal bipyramidal structure with Na+ at the center with
a ﬁve-fold coordination, where the center of each oxygen is
2.3 Å from the center of the Na+ ion, as seen in Figure 10. It
is signiﬁcant that these Na−O distances appear to be a weak
function of the composition in these glasses in that no
discernible change in these distances was found across the full
compositional range, 0 ≤ x ≤ 1, in these glasses. The
literature from Feil et al.49 reported that rNa = 0.97 Å and ro =
1.28 Å in sodium borosilicate glasses. From the geometry of
the trigonal bipyramidal structure and the estimated radii of
sodium and oxygen, we determined that the largest exit point
was in the x−y plane, between two oxygens, with a calculated
doorway radius of rD = 0.71 Å. The volumetrically and
compositionally dependent jump distance were calculated for
Figure 9. Experimental glass-transition temperature of the 0.35 Na2O
+ 0.65 [xB2O3 + (1 − x)P2O5] glasses compared with the estimated
shear modulus.52
Figure 10. Five-fold coordinated Na+ in a trigonal bipyramidal
structure.
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the glasses in this study by using the molar volume (see
previous study32), rcation = λNa = 2*(((3VM)/(4π))*(NNa/
Nglass)*(1/NA))
1/3, see Figure 11, where VM is the molar
volume of the glass, NNa is the number of Na ions in one
formula unit of the glass, Nglass is the total number of ions in
one formula unit, and NA is Avogadro’s number.
The high-frequency dielectric constant, ε, describes the
high-frequency (short time scale) polarizability of the glass
structure and decreases the Coulomb binding energy between
cations and anions in the glass by reducing the eﬀective
electrical ﬁeld strength between them. In oxide glasses, the ε
value is obtained in the high-frequency range that generally
lies between ∼105 and ∼1010 Hz at temperatures well below
the Tg of the glass.
50 We determined the ε values for our
glasses between 1 and 10 MHz and at room temperature.
3.2.3. Calculation of the Activation Energy. As seen in
Figure 12, the A−S model results in estimates of the
activation energy that are slightly larger than the exper-
imentally determined activation energy. Although the
calculated activation energy is larger in magnitude, it does
have a trend similar, albeit exaggerated, to that of the
experimentally measured values. It can also be observed that
the binding energy is an order of magnitude larger than the
strain energy and is therefore the primary contributor to the
overall activation energy.
3.2.4. Many-Body Eﬀects on the Coulomb Potential. To
achieve better agreement with experiment, we have re-
examined and evaluated the assumptions made by A−S in
their model. Because the binding energy has been shown to
dominate the activation energy, its calculation shall be ﬁrst
examined. While A−S ﬁrst included a Madelung constant
term in their calculation of the binding energy, as seen in eq
8, they later dropped it by using the approximate value of β.
In doing so, A−S then assumed that the value for the
Madelung constant would be less than its value in a
cristobalite lattice, M ≤ 1.6, and that the glass is similar to
a heteropolar ionic crystalline lattice, where m = 9 to 11.
Although such estimates give (1 −(1/m))M ≈ 1.5, A−S took
(1 −(1/m))M ≈ 1, eliminating the dependence of the
activation energy eq 10 on the Madelung constant, and in this
way they eﬀectively ignored the obvious and compositionally
dependent many-bodied potential eﬀects of nearby charges
such as Na+, O−, B3+, and P5+. Such eﬀects on the coulomb
potential in ionic crystals have long been examined and can
be accurately calculated by adding the collective eﬀects of all
of the charges at their respective distances. This potential
acting collectively on a point charge at a distance ri in the
lattice is given by eq 11 if all of the ion−ion distances rij are
normalized to the nearest neighbor distance, r0, and the
potential maybe rewritten:
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Z r
r
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0 0
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This eﬀect generates a Madelung constant for each particular
unique ion for each unique crystal structure. Here we are only
concerned about the MNa
+ value for the mobile cation.
Unfortunately, of course, exact values for such Madelung
constants for glasses cannot be calculated due to the
disordered structure of glass. However, it is also true that
given the 1/r dependence of the Madelung constant, the local
coordination sphere around the mobile cation and out to
perhaps the second- and third-coordination spheres would be
the dominant terms in the calculation of the Mi values.
By setting the experimental value of the activation energy
equal to the calculated activation energy, we can solve for M,
the lone adjustable parameter in eq 8. For the purpose of our
calculations, we will consider, m = 10. As seen in Figure 13,
the Madelung constant would need to vary from a maximum
of 1.15 to a minimum of 0.94, a change of only ∼10% from
an average value of 1.05, c.f. the value of 1 originally proposed
by A−S above, to perfectly ﬁt the activation energy data.
However, these small adjustments to the M constant result in
excellent agreement between our modiﬁed A−S model, Figure
14, and the experimentally determined activation energy
values. It is to be repeated that there is only a single
Figure 11. Composition dependence of calculated jump distance
between Na+ sites.
Figure 12. A−S binding energy, the strain energy, and activation
energy compared with the experimental activation energy.
Figure 13. Calculated Madelung constant as it depends on
composition.
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adjustable parameter, the M value, in the calculation of the
conductivity activation energy, and the total changes to the M
value were a maximum of ∼10% from an average value of
1.05. Furthermore, it is signiﬁcant that the changes in the M
values follow those of the conductivity activation energy. That
is, Figure 13 shows that the M values reach a minimum value
in the compositional region where the conductivity activation
energies also reach a minimum. Because the M values are a
measure of the Coulombic charge density of the glass, higher
charge densities at shorter distances tend to increase M, and
smaller charge densities and larger distances tend to decrease
M, the observed trend of smaller M values in the
compositional regions of the minimum in the activation
energy are in agreement with the higher mobility, higher
conductivity of the mobile Na+ cations.
3.3. Cause of the Positive MGFE in the Ionic
Conductivity. From Figure 12, it is clear that the total
activation energy strongly depends on the binding energy. By
comparing the trend of the calculated binding energy to the
dielectric constant, Figure 15, the strong relationship between
them can be observed. This leads to the natural question,
“What is the source of the composition dependence of ε∞?”.
On close inspection of the results presented so far, the
minimum in the conductivity activation energy lies at ∼x =
0.4 and is in the same compositional region, where the B4
fraction has a local maximum in concentration. Therefore, a
plausible hypothesis is that the intermediate range order
(IRO) in and around the B4 unit causes the increased ε values
and, therefore, the minimum in the activation energy. At 0.1
≤ x ≤ 0.4, there are signiﬁcantly more phosphorus atoms
than boron atoms, and our NMR studies have shown a
majority of the boron to be in tetrahedral coordination;51 only
a mere 7% of boron are in trigonal conﬁguration at x = 0.4.
Therefore, the B4 unit must bridge to more phosphorus units
than boron units, especially at lower x values, where less
boron is present. Because P5+ has a higher charge density than
B3+, P−O−B bonding would tend to polarize the electron
cloud around the BO toward phosphorus and thereby
decrease the net negative charge density of the B4 unit.
This decreased charge density means the Na+ ion associated
with a B4 unit would be expected to be less tightly bound due
to the smaller eﬀective negative charge on the BO and hence
produce a smaller binding energy for the Na+ ion to hop to
the next charge compensation site. It is well known that
tetrahedral borons delocalize the single negative charge over
the four BOs connected to the B4 unit. Such charge
delocalization and resonance would necessarily increase the
average bond distance of Na+ ions and decrease the negative
on the BOs in these glasses and lead to a decreasing columbic
binding energy. The added eﬀect here is that in the region of
the conductivity activation energy minimum, x ≈ 0.4, the P5+
bonding further reduces the Coulombic binding energy by
pulling negative charge away from the BO4
− groups. These
correlations appear to be well-borne out in the data, as Figure
16 shows the composition dependence of the fraction B4 units
scaled to a linear trend between 0 for x = 0 and ∼0.5 for x =
1, the scaled composition dependence of the relative
permittivity to a linear trend between the x = 0 sodium
phosphate glass and x = 1 sodium borate glass, and ﬁnally the
scaled σdc values, again scaled to the linear trend between the
x = 0 and 1 glass. The colocation of the maxima in all three
of these quantities lends strong support to the arguments
previously developed.
A further and related question is, “How does this explain
the maxima in the ε value at glass compositions of x = 0.4
and 0.5 and x = 0.8 in addition to the maxima in ionic
conductivity at x = 0.4?”. At x = 0.4, B4 makes up 37% of the
SRO structural units and at x = 0.5 B4 makes up 40% of the
SRO structural units according to our previously reported
NMR data.51 However, at x = 0.4 and 0.5, phosphorus units
make up 60 and 50% of the SRO units. The NMR data
indicate that the number of BP
4 is greater than the BB
4 until x =
Figure 14. Calculated A−S activation energy with a Madelung
constant of 1.6 and variable Madelung constant compared with the
experimental activation energy.
Figure 15. High-frequency dielectric permittivity of the 0.35Na2O +
0.65[xB2O3 + (1 − x)P2O5] glasses at 30 °C.
Figure 16. Comparison plot of the scaled fraction of B4 groups, the
scaled high frequency relative dielectric constant, ε∞, and the scaled
dc Na+ ion conductivity, σdc.
The Journal of Physical Chemistry B Article
dx.doi.org/10.1021/jp409497z | J. Phys. Chem. B 2013, 117, 16577−1658616584
0.4, after which BB
4 is the dominant boron tetrahedral unit. So
the maximum in conductivity occurs where there is the
greatest number of BP
4.
To understand the maximum at x = 0.8, we must consider
the changes in SRO with x. As x increases, the number of
B4−O−P bridges decreases, but the number of PB4
2 and PB4
1
units increases. If we say that [P2]−1 and [P1]−2 are more
basic than [P3]0, then as they bridge to B, their Na−NBO
bond increase in strength.23 However, the BP2
4 or BP1
4 bonds to
Na+ would be weaker than BP3
4 . Therefore, even though B4
units are now bridging to fewer phosphorus, the phosphorus
units are more basic, allowing a decreased activation energy
and therefore an increased ionic conductivity.
4. CONCLUSIONS
The strong positive MGFE observed in the ionic conductivity
of 0.35Na2O + 0.65[xB2O3 + (1 − x)P2O5] glasses arises
from the negative MGFE in activation energy with changing
composition. The composition dependence of the activation
energy in these ternary glasses was explained though the
Anderson−Stuart Model, which suggested that the columbic
binding energy is much greater than the strain energy. The
composition dependence of the columbic binding energy was
attributed to the composition dependence of the dielectric
constant, ε. A maximum in ε was observed at x ≈ 0.4 and is
at a composition where there are a maximum number of B4
units that can still be completely coordinated by BOs to only
phosphorus atoms. The higher charge density, more electro-
negative P5+ is proposed to pull charge away from the already
delocalized charge on the BO4
−1 groups to create even more
delocalized charges and thereby further weaken the columbic
forces between the mobile Na+ ions and the bound negative
charges of the borophosphate polyanions. This weakening of
the columbic interaction in turn is thought to produce the
minimum in the activation energy and produce the maximum
in the Na+ ion conductivity.
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